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Fig. 1 Asymmetric plane channel � ow.

If the SEV model [Eq. (11)] is applied, ¹t inevitablybecomes neg-
ative, which is not physically meaningful.

By applying the presentNAEV model [Eq. (22)] to this � ow case,
we have
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where we let N¹t D ¹t . In Eq. (24) we can see that the conditions in
Eq. (23) will be satis� ed without ¹t becoming negative if
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To evaluate Eq. (24) further, the approximate analysis method used
by Yoshizawa7 is applied as follows.

Near the point yv .<0/, the asymmetric velocity pro� le is ex-
pressed as

U ¼ Um ¡ b.y ¡ yv/2 ¡ c.y ¡ yv/3 (26)

where constants b and c are positive. For clarity, it is assumed that
k; ", and ¹t are constantsnear yv . The combinationof Eq. (26) with
Eq. (24) gives

uv ¼ 2b¹t .y ¡ yv / C 3c¹t .y ¡ yv /2 C 4ccs k3¹t

c1"2
(27)

Therefore, the point yr of zero uv is

yr ¼ yv ¡ 3c

2b
.y ¡ yv/2 ¡ 2ccsk3

bc1"2
< yv (28)

The conditions in Eq. (23) are met without ¹t becoming negative.
Note that the second term on the right-hand side of Eq. (24) is the
term Hi j in Eq. (22). The capability of the present NAEV model to
deal with the asymmetric turbulent � ow between smooth and rough
walls correctly is due to the existence of the term Hi j in Eq. (22).
Because the NEAV model derived on the basis of Rodi’s proposal
does not have the term Hi j , it, too, will fail to describe the problem.
The proposal given in Eq. (13) is the basis for the NAEV model to
deal with the complex turbulent � ow correctly.

It can be seen from Eq. (28) that the range between yr and yv

mainly depends on the values of b; c; c1; cs; k, and ". Within the
scope of the present analytical work, we cannot provide the range
quantitatively. In addition, comparison of the simulation by using
SEV and NAEV turbulencemodels was addressed in Ref. 11 and is
not within the scope of this work.

Conclusion
The algebraic Reynolds stress equations obtained on the basis of

the proposed approximation are capable of properly dealing with
complex turbulent � ows such as the asymmetric turbulent channel
� ows. The application case shows that the NAEV model derived
from the present algebraic Reynolds stresses equations can provide
correct RS of the turbulent � ows, which the SEV model and the
ASM model based on Rodi’s proposal fail to do.
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Introduction

T HE agglomeration multigrid method1 has been shown to be
an ef� cient convergence acceleration method for unstructured

grid � ow solvers. What is special about an agglomeration multi-
grid method is that its coarse-level cells are obtained by the direct
fusing of neighboring cells of the previous � ner mesh. This cell
agglomeration procedure is usually accomplished by a weighted
graph algorithm, as has been described in Ref. 1. The agglomerated
coarse cells are polyhedral, with an arbitrary number of boundary
faces, which may be extremely distorted if not properly controlled.
In this work a new volume agglomeration scheme is developed to
obtain better-qualitycoarse meshes. The new scheme takes the dual
mesh of a tetrahedralmesh as its � rst-levelcoarsemesh, utilizingthe
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natural intergrid relationshipsbetween dual meshes. From the sec-
ond coarse level and beyond, the fusionofmesh cells is guidedby an
octree system,generatinghigh-qualitycoarse cells whose boundary
faces roughly follow the edges of an octant.

Implicit Euler Multigrid Solver
The steady-state Euler � ow solver developed in this work is a

cell-centered,MUSCL-type upwind� ux-differencingschemebased
on Roe’s approximate Riemann solver and Frink’s interpolation.2

Frink’s interpolationrequires cell-vertex variable values, which are
obtained by a volume-weighted averaging of the surrounding cell-
centered values. The Euler implicit time integration is used with
only � rst-order spatial accuracy on the implicit side. The implicit
operator is split into a diagonal part D, a lower triangular part L ,
and an upper triangular part U . The approximate LU factorization
scheme (ALU) (Ref. 3) on the � ne mesh can be written as

.D C L/D¡1.D C U /1Q f;n D R f .Q f;n/ D Res f;n

(1)
Q f;n C 1 D Q f;n C 1Q f;n

where the superscript f indicates � ne grid, n indicates time level,
Q is the vector of conserved variables, and R f .Q f;n/ is the surface
integralof � ux functionsthat equals to the residualRes f;n on the � ne
grid.On a multigridcoarse-levelmesh the implicitALU schemecan
be written as

.D C L/D¡1.D C U /1Qc;m D Rc.Qc;m / ¡ Rc.J c
f Q f /

C I c
f Res f;n D Resc;m (2)

Qc;m C 1 D Qc;m C 1Qc;m

where the superscript c indicates coarse grid, m indicates the mth
iteration on the coarse grid, and I c

f and J c
f are the restriction op-

erators from the � ne grid to the coarse grid for the residual and
the conserved variables, respectively.A correction for the � ne-grid
variables can be done by

Q f;n C 1 D Q f;n C J f
c Qc;m ¡ J c

f Q f;n (3)

where J f
c is the prolongationoperatorfromthecoarsegrid to the � ne

grid. Only � rst-order spatial accuracy is used for both the implicit
and the explicit operators on all levels of coarse grids.

Dual Mesh as a Coarse Mesh
In three dimensions the number of tetrahedral cells is about � ve

to six times the number of the cell vertices. Thus, the dual grid is a
natural coarse grid whose cell volume is about � ve or six times of
that of the � ne grid. By connecting the cell centroid, the cell-face
centersand the midpointsof cell edges, a tetrahedroncan be divided
into four equal-volume cell quarters, each associated with one cell
vertex. The dual cell associated with a cell vertex is the union of
cell quarters surroundingthat particularvertex. The cell faces of the
dual cell are the union of triangular interfaces that border the cell
quarters.Becauseonly � rst-orderspatialaccuracyis usedon thedual
cell, each set of triangular interfaces bordering the same two dual
cells can be replaced by a single surface vector that equals the sum
of the area vectors in the set. On the boundarysurfaces,however,we
do not agglomerate the triangular interfaces. In fact, each surface
triangle on the body surface is split into six subtriangles in the
construction of the dual mesh. The identities of these subtriangles
are kept unchanged,such that the actual body geometry can be fully
preserved on all coarse levels, which is important to the success of
the multigrid method when an important geometric peculiaritysuch
as the trail edge is involved.

The � ow solver on the dual mesh is still a cell-centered scheme
that storesthe Q variablesat the tetrahedralvertices,which is consis-
tent with the � ne-grid solver because the vertex values have already
been calculated in Frink’s method. Another advantage of the dual
mesh is that linear restriction and prolongation operators can be

easily constructed. The restriction operator J c
f for Q is a volume-

weighted averaging such that the volume integral QV is conserved.
The restriction operator I c

f for the residual distributes one-fourth
of the residual of a � ne grid cell to each dual cell associated with
its four vertices. The prolongation operator J c

f is de� ned such that
the correction for each cell-centered Q on the � ne grid is the simple
average of the corrections computed on the dual cells associated
with its four vertices. This is equivalent to a linear interpolation,
which is one order higher than a simple injection operator.

Octree-Based Volume Agglomeration
The generation of coarse meshes from the second level and be-

yond is guided by an octree system. Generating an octree system
covering the entire � ow domain with a desired octant distribution
is easy. That is, those octants cutting the body surface are of the
size of surface triangles, and those octants away from the body
have their edge length progressively doubled as they move away
from the body. Here we use the well-ordered octant sizes to guide
the sequence of volume agglomeration. Note that there is a clear
parent–children relationship between two consecutive levels of oc-
tant. Eight children-leveloctants can be fused together to form one
parent-leveloctant.This octantagglomerationcanbe continueduntil
the smallest octant in the domain has reached the desired size. Then
the previous � ner-grid cells whose centroid falls into one particular
octant are agglomerated, generating coarse cells whose boundaries
roughly follow the boundaries of the agglomerated octants. Thus,
by controllingthe sequenceof octant agglomeration,one has a high
degree of control over the shape and quality of the coarse-gridcells.
This octree-based agglomerationscheme can be continueduntil ul-
timately there is only one coarse cell left in the � nal mesh. Note
that octants with size greater than that of the agglomerated levels
will not be agglomerated,which means that some cells may remain
unchanged through several levels of mesh coarsening. The multi-
grid iterations performedon these unchangedcells are equivalent to
iterations carried out on the previous � ner mesh.

Similar to the dual grid, each set of triangular surfaces bordering
on the same two agglomerated cells is treated as a single interface.
The restrictionoperator I c

f for residual is a summation such that the
surface integral of � uxes is conserved. The restriction operator J c

f
for Q is a volume-weightedaveragingsuch that the volume integral
QV is conserved.The prolongationoperator J f

c for the corrections
is a simple injection, that is, all � ner grid cells inside the same
agglomerated cell receive the same amount of corrections. This is
equivalent to a zeroth-order interpolation,which is adequate for the
Euler equations.

Test Example
All computations presented here are done on a Hewlett-Packard

HP-9000/735 (99 Hz) with 176 MB of memory. To save computer
resources,only single-precisioncomputationsare performed in this
work. The language is FORTRAN 77. The Euler solver without
multigrid spends 1 £ 10¡4 s per cell per iteration.Extensive param-
eter studies4 have been performed to determine the best parame-
ter set. The best operation in terms of CPU time is the four-level,
V-cycle multigrid. The parameters used in this work are as follows.
The Courant–Friedrichs–Lewy number based on the average local
cell edge is 10,000. Two ALU iterations are performed on each
coarse grid, while four ALU iterations (smoothing) are performed
on the � ne grid between two consecutive V-cycles. Note that one
multigridV-cycleor one � ne-grid-alonecomputationwill update the
� ne-grid variables once, which is counted as one Nstep. In a sense,
one multigrid V-cycle can be viewed as a special time-integration
method that marches the solution one step forward. One of the con-
vergence indexes is the L2 norm of the residual vector weighted by
the cell volume.

The test example shown here is a transonic � ow over a M6 wing.
The freestream Mach number is 0.84, and the angle of attack is
3.06 deg. Figure 1 shows the sequence of eight meshes generated
by the octree-based volume agglomeration scheme. The � ne grid
shown in Fig. 1a is generated by a hybrid octree/advancing front
method described by Pan and Chao.5 Figure 1b is the � rst coarse-
level mesh (the dual grid), Fig. 1c the second coarse grid, and so on.
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a) b)

c) d)

e) f)

g) h)

Fig. 1 Sequence of multigrid meshes for a M6 wing generated by the
dual-mesh and octree-based volume agglomeration scheme.

The boundariesof the agglomerated cells roughly follow the octant
boundaries. The four meshes used in the multigrid V-cycle are in
Fig. 1a (236,148cells), Fig. 1b (45,437 cells), Fig. 1c (16,659cells),
and Fig. 1d (2791 cells). Figures 2a–2d show, respectively,the con-
vergence history of the L2 norm of the weighted residual, the lift
coef� cient CL , and the number of supersonic points Nsup in the
� ow� eld for both multigrid computation and � ne-grid-alone com-
putation. Note that CL and Nsup have reached their steady values
at about 30,000 s. Depending on where the reference point is, the
multigrid solution converges three to � ve times faster than the � ne-
grid-alone computation in terms of CPU time. Although not shown
here becauseof space limitation, the computedpressurecoef� cients
at various wing sections compare well with experiment.5 The com-
puted lift coef� cient is 0.29011,which is close to the valueof 0.2923
by Woodard et al.6 and 0.2911 by Frink.2 The computed moment
coef� cient is ¡0.1709, whereas it is ¡0.1717 by Woodard et al.6

and ¡0.1726by Frink.2 Results similar to Figs. 1 and 2 for transonic
� ows over a Royal Aircraft Establishment wing-body combination

a)

b)

c)

d)

Fig. 2 Convergence histories of M6 wing computation: M 1 = 0:84;
® = 3:06 deg; - - - -, single-grid calculation; and ——, four-level mul-
tigrid.

and an idealized � ghter-storescon� guration can be found in Ref. 5.
The convergencehistories shown in Fig. 2 are typical in these cases.

Conclusions
For the steady Euler equations the proposed implicit agglomer-

ation multigrid method uses the naturally well-ordered intergrid
relationship between a tetrahedral mesh and its dual mesh. The
octree-based agglomeration scheme generates high-quality coarse
cells with minimum effort. The proposed agglomeration multigrid
methodconvergesabout three to � ve times faster than the single-grid
computation in terms of CPU time.
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I. Introduction

T O treat the � ows with shock waves and contact discontinuities,
an accurate and ef� cient upwind scheme used as a Riemann

solver to resolve the discontinuities is essential. Such an upwind
scheme is particularlyimportantwhen it is incorporatedinto a high-
order accuracyscheme such as an essentiallynonoscillatoryscheme
to simulate turbulenceor acoustic � elds with discontinuities,where
the nonphysicalnoise should be minimized and the numberof mesh
points would be limited due to the computing power.

To achieve ef� ciency and accuracy, efforts have been made to
develop an upwind scheme only using scalar dissipation instead
of using matrix dissipation such as that of Roe’s1 � ux difference
splitting (FDS) scheme. The modi� cation of Van Leer’s2 � ux vec-
tor splitting (FVS) scheme by Hänel et al.3 in 1987 began a se-
ries of new developments.The advectionupstreamsplittingmethod
(AUSM) suggestedby Liou and Steffen4 in 1993 has achieved high
accuracy while the computing work remains as low as that of the
Van Leer2 scheme. Zha and Bilgen5 suggested a low diffusion FVS
scheme in 1993,whichmay resolvecrisp shockpro� les, but the con-
tact discontinuity would be smeared. The Zha–Bilgen scheme has
beenmodi� ed to accuratelyresolvecontactdiscontinuitiesin Ref. 6.
Jameson7¡9 suggested his convective upwind and split pressure
(CUSP) schemes and limiters in 1993, which may capture crisp
shock pro� les, but not contact discontinuities.Liou’s10;11 AUSMC

scheme further improves the accuracy of the AUSM scheme and
is able to resolve the exact shock and contact discontinuities and
to preserve the constant total enthalpy for steady-state � ows. Using
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methodologysimilar to the AUSM scheme, Edwards12;13 developed
his low diffusion� ux splitting scheme (LDFSS). The scheme shows
the best performance in the numerical tests of this paper. The split-
ting formulations of Mach number and pressure from Van Leer’s
FVS scheme are employed in both AUSM and LDFSS schemes.

Although progress has been made to reduce the dissipation of
upwind schemes and to improve their capability to capture discon-
tinuities, relatively less attention has been paid to answer an impor-
tant question: Does the scheme satisfy the entropy condition? For
FDS schemes such as Roe’s1 scheme and Osher’s14 scheme, it is
known that the Roe scheme does not satisfy the entropy condition
and the Osher schemedoes.For FVS schemes such as the Van Leer2

scheme and the Steger–Warming15 scheme, it is not known whether
they satisfy the entropy condition.16;17 The extensive and success-
ful applicationsof the FVS schemes in practical computations lead
to a general impression that a FVS scheme, in particular, the Van
Leer scheme, is very robust, and violation of the entropy condition
may not be an issue. However, this cannot serve as the answer to
the question just raised. For those recently developed schemes, in-
cluding AUSM family schemes,10;11 LDFFS schemes,12;13 CUSP
schemes, modi� ed Zha–Bilgen scheme,6 etc., no de� nite answers
are given regarding whether they satisfy the entropy condition.

The purpose of this Technical Note is to create a numerical test
case that may answer the entropy condition question for some of
the upwind schemes. If an upwind scheme generates an expansion
shock, the scheme would be considered as violating the entropy
condition. If an upwind scheme does not generate an expansion
shock for the test case, it is not conclusive that the scheme sat-
is� es the entropy condition. To explore the original properties of
the upwind schemes, the work in this paper mainly focuses on the
one-dimensionalpiecewise constant � rst-order discretization.

II. Numerical Procedure
The governing equations are the quasi-one-dimensional Euler

equations in Cartesian coordinates:

@t U C @x E ¡ H D 0 (1)

where

U D SQ; Q D
½

½u

e

; E D SF

F D
½u

½u2 C p

.e C p/u

; H D dS

dx

0

p

0

In the preceding equations, ½ is the density, u is the velocity, p is
the static pressure, e is the total energy, and S is the cross-sectional
area of the one-dimensional duct. The following state equation is
also employed:

p D .° ¡ 1/ e ¡ 1
2
½u2 (2)

where ° is the ratio of speci� c heats and has the value 1.4.
The � nitevolumemethodwith explicitEuler temporalintegration

is used to discretize the governingequations. It yields the following
formulation at cell i :

1Qn C 1
i D 1t ¡C Ei C 1

2
¡ Ei ¡ 1

2
C .Hi =Si /

n

(3)

where C D 1=.1xSi / and n is the time level index.
The following upwind schemes are incorporated into this � nite

volumesolver to evaluate the interface� ux Fi C 1=2 . They are the Van
Leer2 FVS scheme, the Roe1 FDS scheme, the Van Leer–Hänel3

scheme, the Steger–Warming15 FVS scheme, the Liou11 AUSMC

scheme, the modi� ed Zha–Bilgen scheme,6 and the Edwards12

LDFSS(2) scheme. In Ref. 6, the detailed formulations of each of
the cited upwind schemes are listed for the purpose of reproducing
the results.


